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1. R. Mohanty [l] has proved the following 
THEOREM 1. Let f(t) - 5 a, cos nt. If (i) log 23z/t * f(t) is of bounded 
n=1 
variatiolz in the interval (0,~) and (ii) the sequence (n’a,,) is of bozlnded 
variation for some 6 > 0, then the Fourier series converges absolutely, that 
is, iZ janl < 0;). 
n=l 
We shall prove here the following 
THEOREM 2. Let f(t) N ; a, cos tit. If (i’) flog 2n/t Idf(t)I < 00 and 
#El 0 
(ii’) (ned(na,)) is of bounded variatiofl for some 6 > 0, then .f /a,,\ < 00. 
n=l 
We have the sine series analogue. 
THEOREM 3. Let g(t) - 2 b, sin nt. If (i*) [log 2z/t jag(t) j < 00 and 
n=l 
(ii*) (ndd(nb,)) is of bounded variation for some 6 > 0, then f lb*\ < 00. 
n=1 
2. We shall first prove that conditions (i) alzd (i’) are mutually exclusive. 
Let f(t) = l/log 2z/t on (OJZ), then log 2x/t * f(t) = 1 and then it is of 
bounded variation. But 
i( 1 
2 
df(t) = dt t log f , 
x n 
slog: jdf(t)I = !A= 00, 
0 0 t1ogt 
and then (i’) is not satisfied. 
184 
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On the other hand, let cj 1 0, 
f(t) = aj in (cj, q-r) (j = 1,2,3,. . .) 
and di=aj-aj+,>O (j=1,2,3,...). Hence 
(1) 
and 
We can find aj, ci and dj such that (2) converges but (3) does not. For 
example take 
aj = 1 + l/i, cj = l/j and dj = l/i(j + 1). 
Hence, for the function f(t) defined by (I), (i’) is satisfied but (i) is not. 
Secondly we shall prove that (ii) and (ii’) aye m&ally exchsive. 
(ii) and (ii’) may be written as follows. 
and 
Let r&k = 2k and a,, = l/n for n = nk (k = 1,2,3,. . ,) and a, 
other n. Then 
(5) 
0 for 
k=l k=I 
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~,A(lzdd(na.)),~~n~+‘a.,=~2d”= co. 
*=l k=l k=l 
Thus (4) holds but (5) does not. 
On the other hand, we put Sk = 2k and a,, = A(tza,). We define (ak) 
by the conditions 
n!aa,, = 1, n&., = l/k (k = 1,2,3.. .) (6) 
and 
Then 
&hk = (ak + l)d%k+l = f.. = (Sk+1 - l)d%k++v (7) 
2 lA(ndA(wJ)[ = i IA(nda,J < 2 l/k2< 00, 
n=1 P&=1 k=l 
and hence (5) holds. Now 
A(nda,) = nda, - (PZ + l)da,+l = s - (n + lh+l 
(12 + 1)1-d 
a?& 1 =-- 
%1--d + ( 
__- 
n1-d (% +ll)l- fn + 1)a7t+l 
) 
= + + Mfl + l)a,+l. 
By (6) and (7), a,> 0 and then tia, = ,f cr, + 2a,> 0. Evidently 
m=3 
P, > 0, hence 
co @+1-l 00 @+1-l 
>cc+= 
*1 
x 2 +og2CT=oo. 
k=l n=@ k=l n=2k k=l 
Therefore i [A( %‘a,) 1 = CO. Thus we have proved the required statement. 
7S=l 
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We shall now give a remark concerning the conditions (ii) and (ii’). 
We have 
A(n%+J = w%, - (n + l)%,+l 
= nd(u, - U,,l) - ((s + l)d - 12+&+1 
= TLdAda, - O(nd-l)a,+l 
and 
= A(d(ws - (s + %,+I)) 
-= flbfla, - (nd(n + 1) -t (n + l)“+l)an.,l + (n + l)“(n + 2)a,+z 
= nB+1A2a,-~d(2+ 6)Aa,+l+O((lz+ 1)~-%,c+1) +O((n+2)Vz,+2). 
Hence, if 
2 ltslAattl < w, (9) 
then (4) holds. Since a, is the Fourier coefficient of a function of bounded 
variation, we have u, = O(l/lz). Therefore (8) is evident and then (9) 
is equivalent to (4). 
Similarly (9) and 
2 d+b,A2u,, < co 
6x1 
imply (5). 
3. We shall now prove Theorem 2. We have 
(10) 
a, = f 
5 
f(t) cos nt at, 
0 
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where 6’ = 6,’ is taken such that n’ - 6’ is an integer and 
~~=$+o(nl-a:logn)~l 
We write 
NOW 
n/k log f Idf(t)( < A s *log f Idf(t) 1< 00.
0 
Since d/(t) N i=” ka, sin kt and sin nt vanishes at t = n/n8’, we have the 
k=l 
Parseval formula [2] : 
Jn= I; sin nt df(tj = 2 kak 
” 
I 
sin nt sin kt dt 
n/n 6’ k=I n/n a’ 
1 It will be shown that it is possible to find such 6’. Let ~9 - W = a + q, where a is 
the integral part and 0 < q < 1. If we put n 
log (k - a/* - q) = log (nl - ,314 (1 - 
1- V - 7 = ~1- a’, then (1 - S’) log n = 
(1 - 6/4) logn + O(l/v~l-~/*). 
?@a1 - 814)) = (1 - s/a) logn + log (1 - q/n’ - W) = 
Hence we get 6’ = s/4 + 0(1/k-Wlogn). 
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jr n 
7 zzz 
z 5 
kak 
k=l 
G [cos (k - 1/2)t - cos (k + 1/2)t] dt 
8’ n/n 
since 
?l * . 
lim kak 1 sm cos (k + lj2)t dt = 0. k--too sin t/2 
4s 8 
Now 
J,* = 2 kdd(kak) 1 
s’nrtt cos (kk; 1/2)t dt 
k=l 
sin t/2 
rchl 6’ 
where c = lim k’A(ka,). Therefore 
k+m 
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We can prove that 
since the left side is less than 
al al 
A --rpc- &’ 
j=l n=l 92 /~-i-W 
Similarly f j]iI/n < 00. Evidently ,ZjJz * j/n < do. Thus Theorem 2 
?%=I 
is proved. 
Theorem 3 may be proved similarly. 
4. By our method we can prove the following 
THEOREM 4. Let f(t) N A a,, cos nt. If (i”) f(t) is of bounded variation 
MS1 
and (ii’) (&A(na,)) is of bounded variation for some 6 > 0, then 
ii, Ii a, logn< co. 
n=2 
We shall sketch the proof. We write 
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K is finite by condition (ii’). We have 
and 
Thus we have Theorem 4. 
As an immediate consequence we get the following theorem: 
THEOREM 5. I# (ii”) the sequence (r8Au,) is of bounded variatim and 
(iii) .f2 /a,//?8 log n = 00, then the series 2 cc,, sin no is not a Fowier- 
n - 1 
Stieltjes series. 
For, if (ii’) and (iii) holds, then i a, cos nt is not the Fourier series 
n=1 
m 
of hounded variation, that is, the series 2 na, sin nt is not the Fourier- 
n=l 
Stieltjes series. Putting na, = cr,, we get the theorem 
Examples of Theorem 5 are given by 
u* = l/(log log 72)” (O,<rx<l). 
Theorem 4 does not hold for sine series. But we get 
THEOREM 6. Let g(t) N ,Z b, sin nt. Zf (ii**) the seqzcence (lz’Abb,). is 
n=l 
m 
o/ bozlnded variation for some 8 > 0, then 2 lb&/n log rc < 00. 
n=2 
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From this we get 
THEOREM 7. If (ii**) the sequence (dAb,) is of bounded variation and 
(iii*) .!s 16,&z log n = 00, then the series 2 b, sin nt is not a Fourier 
n=l 
series. 
It is known that if ; b+& diverges, then i b, sin nt is not a 
n=1 n=l 
Fourier series. Let us consider the case 
b, = sin (pVZ/(log n) 2)/lag log n. 
Then f b,/n converges but ZJb,l/la log n = 00 and (ii**) holds for 
n=l 
6 = 4. Therefore ; b, sin nt is not a Fourier series. 
n=1 
On the other hand we can prove the following 
THEOREM 8. Let a > p + 2 and ,# > 0. If ~-liB~df(t)/ < 00 and the 
a, 
sequence ((log n)“A(na,)) is of bozcnded variation, then Z la,1 < 00. 
?b=l 
This holds for sine series. 
For the proof we write 
Gj Ia,] = jjj[sinntdi(fJ 1 
n=2 n=2 0 
where ,Ll’ = p’(n) is taken such that n/(log n)“’ is an integer and 
Then 
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= A 
I 
t- ““ldf(t) I, 
i 
since k > (log 9~)~’ > !j (log 9~)~ for large Iz. 
Now, as in the proof of Theorem 2, we have, supposing a, = 0, 
iz n 
5 
. 
Jlt = sin wt df(t) = 2 kak 1 sin nt sin kt dt 
n/(logn)fl’ 
k=2 
n/p.?g n)‘“’ 
by the Parseval formula [2], since sin nt I-anishes at t = n/(log n)‘?‘. 
Therefore the principal term of J,, is 
i’dj(logk)bd(ka,)) 
k=Z 
where c = lim (log k)“d(kah), and then we have i !Jni/s < co, as 
k-+m *=I 
the proof of Theorem 2, .since 
dt 
in 
Thus we get the theorem. 
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